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Abstract

This paper presents two novel estimation architectures to
combine SCADA and PMU measurements into multistage
strategies for Power System State Estimation. The first ar-
chitecture makes use of a priori state information concepts
and a blocked version of orthogonal Givens rotations with the
objective of enhancing SCADA based estimates through PMU
data processing. The second strategy is a three-stage scheme
that relies on estimation fusion principles to optimally combine
previously determined SCADA- and PMU-based estimates. In
either case, observability with respect to PMU measurements
is not assumed. multistage methods are described in detail and
their computational requirements and properties are discussed.
Results obtained for two IEEE test systems are used to
illustrate the application of the estimation strategies.

I. Introduction

DURING the last several decades, Power System State
Estimation (PSSE) has established itself as the basic tool

for real-time modeling of large electric power networks. As
the emerging Smart Grid concepts expand previous paradigms
for power system operation and control, PSSE must evolve to
keep pace with the current trends [1]. This requires the incor-
poration of new technologies to fulfill more stringent accuracy
and observability requirements posed to state estimators. Con-
ventional state estimators process data gathered by SCADA
systems by scanning remote terminal units (RTUs) located
at the power system substations. The advent of the phasor
measurement technology has made it possible to accurately
measure bus voltage and branch current phasors, something
previously infeasible with SCADA. As a consequence, the use
of Phasor Measurement Units (PMUs) in power system state
estimation has deserved much attention in recent years.

The question then arises as whether SCADA technology
should be simply replaced by PMU systems. Several argu-
ments can be raised to argue otherwise, such as the insuf-
ficient number of PMU measurements usually available to
provide full system observability, and the existence of complex
SCADA infrastructures deployed along many years that should
not be simply discarded. Hence, it does not seem feasible to
consider the full replacement of the SCADA infrastructure by
PMUs, at least in the near future. A more sensible solution is
to combine the widespread availability of conventional mea-

surements with the enhanced quality of observations provided
by the PMU technology. For that purpose, however, one faces
the problem of how to conceive state estimation strategies able
to benefit from both technologies.

A possible solution for this problem is to consider state
estimators able to simultaneously process both SCADA and
PMU measurements. This is a centralized strategy, since all
gathered data, regardless of the underlying technology, are
processed by the same estimation module. Although that can
be seen as an extension of conventional estimation algorithms
in order to enable phasor measurement processing, significant
changes in the software are required. The resulting estimator,
often referred to as Hybrid Simultaneous State Estimator, has
produced successful results, as shown in the literature [2],
[3], [4], [5], [6]. In spite of that, it is unlikely that utilities
and system operators that currently run SCADA-based esti-
mators will be willing to replace their EMS software in order
accommodate the necessary structural changes. Furthermore,
some existing estimators are based on decoupled algorithms
which are not readily able to process electric current phasor
measurements.

To address that issue, novel state estimation structures in which
phasor measurements are processed in a second estimation
stage have been recently proposed in the literature [7], [8],
[9]. Those multistage state estimators allow that conventional
SCADA-based estimators be kept unchanged while preserv-
ing the benefits of PMU measurements to the overall state
estimation process.

Two distinct and recently proposed multistage estimation
approaches to combine SCADA and PMU-based data are
addressed in this paper. The first estimation architecture relies
on the a priori state information (APSI) concept and takes
advantage of the three-multiplier Givens rotations ability to
accommodate that kind of information at virtually no extra
computational cost [10]. Accordingly, SCADA-based state
estimates obtained from the first estimation stage are treated
by the second, PMU-based estimation module, as a priori state
information. It is thereby expected that the APSI hybrid esti-
mator will enhance the quality of the conventional estimates
through the processing of the available phasor measurements
[8],[6].

The second multistage estimation method is based on Multi-
sensor Data Fusion Theory, a relatively recent research field
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pertaining to the Data and Signal Processing area [11]. Ac-
cording to this approach, distinct state estimates are obtained
by separate SCADA- and PMU-based estimation modules.
Those estimates are then combined in a fusion center, thus
producing a final vector of optimal estimates [9].

Both multistage architectures will be described in detail, along
with their distinguished properties and implementation issues.
The contribution of phasor measurements to enhance bad data
processing capability will be also investigated. Case studies
performed on distinct IEEE benchmark systems will be used
to evaluate and compare the proposed strategies.

This paper is organized as follows. The basic PSSE principles
and concepts needed to describe the novel estimation strategies
are reviewed in Section II. The APSI approach based on
Blocked Givens rotations is presented in Section III, while
Section IV describes the Estimation Fusion estrategy. Results
of case studies conducted on the IEEE 30-bus and 57-bus test
systems are presented and discussed in Section VI. Finally,
Section VII summarizes the paper contents and lists some the
concluding remarks.

II. State Estimation Background

A.Weighted Least Squares Estimator

State estimation performs power system real-time modeling
by processing real-time data gathered from remote meters.
Assuming that a set of 𝑚 measurements are gathered from
an 𝑁 bus power network, the relationship between measured
quantities and the 𝑛 = 2𝑁−1 state variables can be described
by the following nonlinear measurement model:

z = h(x) + 𝜺 (1)

where z is the 𝑚×1 measurement vector, x is the 𝑛×1 vector
of state variables to be estimated, h(x) is the 𝑚 × 1 vector
of nonlinear functions relating measured quantities and state
variables, and 𝜺 is the 𝑚×1 measurement error vector, whose
𝑚 × 𝑚 covariance matrix is denoted by R. Under the usual
assumption that measurements are uncorrelated, matrix R is
diagonal and its i-th diagonal entry is the variance of the error
of measurement 𝑖, denoted by 𝜎2

𝑖 .

The Weighted Least-Squares (WLS) approach to the PSSE
problem is based on the minimization of the weighted sum of
the squared residuals:

min
x̂

𝐽(x̂) =
1

2
[z− h(x̂)]

𝑡
R−1 [z− h(x̂)] . (2)

The above problem can be solved through the Gauss-Newton
method, leading to an iterative process in which the so-called
normal equation is solved in each iteration [12], [13], [14]:

G Δx = H𝑡 R−1Δz (3)

where G =
(
H𝑡 R−1 H

)
is often referred to as the gain

matrix; H is the 𝑚× 𝑛 Jacobian matrix of h(x) computed at
a given point x𝑘, and Δz = z− h(x

𝑘
).

The solution of Eq. (3) yields vector Δx of increments to
the current vector of state estimates, so that the updated state
vector is obtained as

x𝑘+1 = x𝑘 +Δx (4)

The convergence of the iterative procedure is attained when
Δx becomes smaller than a pre-specified tolerance.

Upon convergence of the state estimator, the estimation error
covariance matrix can be computed as

C𝑥 = G−1 =
(
H𝑡 R−1 H

)−1
(5)

Matrix C𝑥 provides a means for evaluating the degree of
confidence on the accuracy of the state estimates [12].

B.A Priori State Information

Prior knowledge about the state variables is often available,
and can be taken into account in the estimation process as
a priori state information. For that purpose, a degree of
confidence should be assigned to such data, under the form of
a covariance matrix. A priori state information contributes to
state estimation in a similar fashion as measured data, although
in the proportion of the respective accuracies, as given by the
corresponding variances.

If x̄ denotes the 𝑛 × 1 vector of a priori state values and
P0 is the 𝑛 × 𝑛 corresponding covariance matrix, a priori
information can be embedded into the WLS problem by
augmenting the objective function (2) as [15]:

min
x̂

𝐽(x̂) = 1
2 [z− h(x̂)]

𝑡
R−1 [z− h(x̂)] +

1
2 (x̂− x̄)𝑡P−1

0 (x̂− x̄).
(6)

It is often assumed that P0 = diag {�̄�2
1 , �̄�

2
2 , . . . , �̄�

2
𝑛}, and

�̄�2
𝑖 is the variance assigned to �̄�𝑖. The optimality conditions

for Problem (6) lead to the following extended version of the
normal equation [15]:[

H𝑡 R−1 H+P−1
0

]
Δx = H𝑡 R−1Δz+P−1

0 Δx (7)

where Δx
Δ
=
(
x̄− x𝑘

)
.

III. Two-Stage APSI State Estimation

The structure of the hybrid APSI state estimator is shown
in Fig. 1. Its first estimation stage is simply a conventional
state estimator based on SCADA measurements, with no extra
restrictions imposed. The output of this module comprises
the SCADA-based estimated state vector, x̂𝑆 and the corre-
sponding estimation error covariance matrix, C𝑥𝑆

, computed
as given by Eq. (5). Those are treated as a priori information
by the second estimation stage, which processes phasor mea-
surements only. A particular attractive feature of such strategy
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Fig. 1. Architecture of the APSI estimator.

is that it maintains intact the structure already in place with
existing SCADA-based state estimators [8],[6].

In the heart of this scheme is the orthogonal estimator based
on the three-multiplier version of Givens rotations (G3M) that
constitutes the second stage. As shown in the sequel, the
G3M estimator is able to process a priori information without
any extra computational cost. Nevertheless, additional issues
arise when one wishes to take full advantage of phasor data
without significantly compromising the theoretical properties
of the solution. Specifically, those issues are related to the
steps required for: a) exploiting the possibility of employing a
linear state estimator in the second stage, and b) avoiding
approximations that may put at risk the desired statistical
characteristics of the final estimates. Those topics are dealt
with in the following subsections.

A.Three Multiplier scalar Givens rotations (G3M)

Consider the linearized version of the least-squares prob-
lem (2) with measurement model z = Hx + 𝜀. Assume
that an initial measurement vector z0 is selected which has
the same size of the state vector, so that the corresponding
observation matrix H0 is square. In addition, assume also
that a new measurement 𝑧1, related to the state variables as
𝑧1 = h𝑡

1x+𝜂1, is to be processed. The rows of H0 and h𝑡
1

are scaled by factors R
−1/2
0 and 𝑤1/2, respectively. Then a

sequence of plane (Givens) rotations Q can be applied to the
scaled rows of the new observation matrix (augmented with
the corresponding measurements) so that [16]:

Q

( [
R

− 1
2

0

𝑤
1
2

] [
H0 z0
h𝑡
1 𝑧1

] )
=

[
U c

0 𝑒

]
(8)

where U is a n × n upper triangular matrix, c is a n × 1

vector, 0 is a 1 × n null vector and 𝑒 is an scalar. The
estimated state vector x̂ based on the processed measurements
can be obtained by simply solving the following triangular
system of equations:

U x̂ = c (9)

The three-multiplier version of Givens rotations is based on
the factorization of matrix U as [17]

U = D
1
2 Ū, (10)

where D is diagonal and Ū is a unit upper triangular matrix.
In this method, each row of the Jacobian matrix (augmented
by the corresponding entry of Δz) is processed at a time. To
illustrate the G3M rotations, consider that a new row vector v,
which corresponds to a row of [H ∣ Δz], undergoes rotations
with a row vector u from the matrix U:

u = [ 0 ⋅ ⋅ ⋅ 0
√
𝑑 ⋅ ⋅ ⋅ √

𝑑�̄�𝑘 ⋅ ⋅ ⋅ √
𝑑�̄�𝑛+1

]
v = [ 0 ⋅ ⋅ ⋅ 0

√
𝑤𝑣𝑖 ⋅ ⋅ ⋅ √

𝑤𝑣𝑘 ⋅ ⋅ ⋅ √
𝑤𝑣𝑛+1

] (11)

Both vectors have already been scaled according to (10),
by scaling factors

√
𝑑 and

√
𝑤, respectively. After a single

rotation, the 𝑖−𝑡ℎ entry of v is zeroed out and the row vectors
take the form
u′ = [ 0 ⋅ ⋅ ⋅ 0

√
𝑑′ ⋅ ⋅ ⋅ √

𝑑′�̄�′
𝑘 ⋅ ⋅ ⋅ √

𝑑′�̄�′
𝑛+1

]
v′ = [ 0 ⋅ ⋅ ⋅ 0 0 ⋅ ⋅ ⋅ √

𝑤′𝑣′𝑘 ⋅ ⋅ ⋅ √
𝑤′𝑣𝑛+1

] (12)

Next, elementary rotations are sequentially performed in order
to zero out all non-zero entries of v. This process introduces
changes in U, c and 𝑒 after each rotation.

A relevant consequence of the scaling mechanism is that
it allows the weighting of each new measurement without
increasing the computational burden. In the PSSE application,
proper weighting of measurement 𝑧𝑖 is achieved when 𝑤𝑖 =

𝜎−2
𝑖 .

In regard to factor 𝑑𝑖, its value at the initialization of the
rotation process can be seen as the weight for the initial value
of state variable i before any measurement is processed. In
other words, 𝑑(0)𝑖 corresponds to the weighting factor of the a
priori information available about the states. From Subsection
II-B, we then conclude that

𝑑
(0)
𝑖 =

1

�̄�2
𝑖

(13)

where �̄�2
𝑖 is the variance of the a priori information on the

state variable 𝑖. If no a priori information is available about
the states, then 𝑑

(0)
𝑖 = 0. From (10), this implies that U is

initially a null triangular matrix. If, on the contrary, there
is prior information on the states, 𝑑𝑖 should be initialized
as in equation (13), and vector c as the available a priori
information, that is, c = x̄.

In conclusion, the 3M Givens rotations can easily consider
a priori information at the very initialization stage of the
estimation process, with no extra computational cost. This
method to solve WLS problems is superior to the normal
equation approach in terms of numerical robustness [16].

APSI estimator using phasor data in polar coordinates

A possible form to implement the second state estimation
stage depicted in Fig. 1 is to process phasor data in their



4

original polar form representation [8]. In that case, magnitude
and phase angle measurement errors for both bus voltage and
branch current phasors may be assumed uncorrelated. As a
consequence, the covariance matrix R of Section II-A, when
restricted to the phasor measurements, remains diagonal. This
enables the use of state estimators that operate on an scalar,
individual basis, to process phasor measurements at the second
stage.

On the other hand, approximations are required to deal with
the SCADA-based estimate x̂𝑆 and its covariance matrix,
C𝑥𝑆

, which are also inputs for the second stage estimator
in Fig. 1. Since the G3M estimator weighting mechanism
can only handle uncorrelated a priori information, the off-
diagonal terms of C𝑥𝑆

must be neglected. However, the
effect of a priori state correlations is only marginal and the
approximation is considered a mild one. It has been also
adopted in [7] and [8].

The downside of representing phasor measurements in polar
coordinates is mainly computational. Such a representation
leads to a nonlinear measurement model such as the one
given by Eq. (1), so that an iterative scheme is required to
determine the final estimates. In contrast to that, it has been
previously shown that a change to rectangular coordinates
leads to a linear modified measurement model, from which
state estimates can be directly computed without the need of
iterations [18],[7].

APSI estimator using phasor data in rectangular coordinates

The above observation naturally raises the question as why
not simply applying the G3M algorithm to the linear model
that results from changing the coordinates to the rectangular
framework. This is possible, but at the price of additional
approximations that have an impact on the statistical prop-
erties of the solution. Since The G3M rotations consider a
scalar weighting scheme in which the weight assigned to
each measurement depends solely on its variance, possible
cross-correlations between measurement errors must be ne-
glected. Although acceptable in certain applications, such as
conventional SCADA-based state estimation, such assumption
implies a strong statistical simplification for others. This is the
case when voltage and current phasor measurements converted
to rectangular form are to be processed by the state estimator,
since the real and imaginary parts of such phasors tend to be
strongly correlated.

To circumvent that limitation, an extended blocked form of
the 3M Givens rotations has been developed in connection
with this research work in order to consider the covariance
between two distinct measurement errors. The proposed ex-
tension enables the joint processing of two measurements at a
time, which can thus be seen as statistically coupled together,
since their weighting factor becomes the inverse of the 2× 2

covariance matrix of the paired observations.

B.Blocked form of G3M rotations

Consider that phasor measurements are now organized in pairs,
and that the errors for each pair are assumed correlated. This
implies that the covariance matrix R is block diagonal, that
is,

𝐸(𝜂𝜂𝑡) = R =

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎣

𝜎2
1 𝑐12

𝑐21 𝜎2
2

𝜎2
3 𝑐34

𝑐43 𝜎2
4

. . .
. . .

. . .
. . .

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎦

(14)

where 𝜎2
𝑖 is the variance of measurement 𝑖 of the pair

and 𝑐𝑖𝑗 = 𝑐𝑗𝑖 stands for the covariance between the pair
components.

Equation (8), which prescribes how new measurements are
processed by the G3M rotations, can now be generalized.
Accordingly, vector z1 is now composed by a 2 × 1 pair of
new measurements, which are related to the states by the 2×𝑛

matrix H1. The proposed blocked form of the rotations is then
applied to matrix [H0

𝑡 ∣ H𝑡
1]

𝑡 augmented by vector [z0𝑡 ∣ z𝑡1]𝑡
(both previously scaled by R

− 1
2

0 and W
1
2 ) in order to obtain

an upper triangular linear system of equations. If Q̃ represents
the matrix that stores the rotations in the new blocked form,
we have:

Q̃

( [
R

− 1
2

0

W
1
2

] [
H0 z0
H1 z1

] )
=

[
Ũ c̃

0 ẽ

]
(15)

where c̃ is a n × 2 vector, 0 is a 2 × n null matrix, 𝑒 is a
2 × 2 matrix and Ũ is a n × n upper triangular matrix with
2 × 2 block identities on its main diagonal.

The estimated state vector x̂ is obtain by solving the triangular
system of equations by back substitution.

Ũ x̂ = c̃1 (16)

where c̃1 is the first column of c̃.

The block form of the G3M rotations is based on the same
factorization as in (10), but now D is block diagonal, that is,

U =

⎡
⎢⎢⎢⎢⎢⎣
D

1
2
1

D
1
2
2

. . .

D
1
2
𝑛

⎤
⎥⎥⎥⎥⎥⎦×

⎡
⎢⎢⎢⎢⎢⎣

I2×2 ũ12 ũ13 ⋅ ⋅ ⋅ ũ1𝑛

I2×2 ũ23 ⋅ ⋅ ⋅ ũ2𝑛

I2×2 ⋅ ⋅ ⋅ ũ3𝑛

. . .
...

I2×2

⎤
⎥⎥⎥⎥⎥⎦ (17)

where D
1
2
𝑖 and ũ𝑗𝑘 are 2 × 2 matrices and I2×2 is a 2 × 2

identity matrix.

Suppose that a 2 × n matrix ṽ, which correspond to a pair of
statistically coupled measurements in [H ∣ z], should undergo
rotations with a 2 × n submatrix ũ of Ũ in order to zero out
block ṽ𝑖.

ũ = [ 0 ⋅ ⋅ ⋅ 0 D
1
2 ⋅ ⋅ ⋅ D

1
2 ũ𝑘 ⋅ ⋅ ⋅ D

1
2 ũ𝑛+1

]
ṽ = [ 0 ⋅ ⋅ ⋅ 0 W

1
2 ṽ𝑖 ⋅ ⋅ ⋅ W

1
2 ṽ𝑘 ⋅ ⋅ ⋅ W

1
2 ṽ𝑛+1

] (18)
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After a single block rotation, the row vectors take the form

ũ′ = [ 0 ⋅ ⋅ ⋅ 0 D′ 1
2 ⋅ ⋅ ⋅ D′ 1

2 ũ′
𝑘

⋅ ⋅ ⋅ D′ 1
2 ũ′

𝑛+1

]
ṽ′ = [ 0 ⋅ ⋅ ⋅ 0 0 ⋅ ⋅ ⋅ W′ 1

2 ṽ′
𝑘

⋅ ⋅ ⋅ W′ 1
2 ṽ′

𝑛+1

] (19)

In analogy with the scalar form, the sequence of block
rotations successively annihilates all nonzero blocks of ṽ. In
this process, matrices Ũ, c̃ and ẽ are also updated.

The weighting mechanism employed in the blocked version
of Givens rotations is analogous to its scalar form, but it
exhibits the distinctive advantage of enabling the consideration
of the statistical correlation between the two measurements
being processed. This is accomplished by defining the 2 × 2

measurement weighting factor as:

W =

[
𝜎2
ℛ𝑒 𝑐𝑅𝑒,𝐼𝑚

𝑐𝐼𝑚,𝑅𝑒 𝜎2
𝐼𝑚

]−1

(20)

where 𝜎2
ℛ𝑒 and 𝜎2

ℐ𝑚 are the variances of the real and imag-
inary parts of the phasor measurement being processed and
𝑐𝑅𝑒,𝐼𝑚 = 𝑐𝐼𝑚,𝑅𝑒 are the corresponding covariance.

Similarly, the correlation between pairs of voltage components
in the a priori state information vector can also be easily taken
into account. To achieve this, the generalized weighting factor
D of the block triangular matrix in (17) should be initialized
as:

D(0) =

[
�̄�2
ℛ𝑒 𝑐ℛ𝑒,ℐ𝑚

𝑐ℐ𝑚,ℛ𝑒 �̄�2
ℐ𝑚

]−1

(21)

where entries of matrix D(0) are similar to those in (20)
but refer to a priori state information. According to the
architecture of Fig. 1, it is easy to conclude that the 2 × 2

blocks inverted in Eq. (21) are obtained from matrix C𝑥𝑆
in

rectangular form. In addition, vector c̃ of (15) should contain
the a priori state information values ordered as a sequence of
bus voltage real and imaginary parts, that is:

c̃1 = x̄ = x̂𝑆 (22)

IV. Estimation Fusion Methods

A.Background and Estimation Architecture

The second multistage estimation approach is inspired in
Multisensor Data Fusion (MDF) theory, which aims at com-
bining the data generated by distinct classes of sensors in an
optimal manner, so that the quality of the resulting information
on the monitored process is enhanced with respect to that
obtained from any single type sensors. A branch of MDF of
particular interest from the PSSE point of view is decentralized
estimation fusion, which combines estimates based on data
generated by distinct sets of sensors [11], [19], [20]. Figure 2
illustrates that particular fusion architecture.

To introduce the mathematical formulation of decentralized es-
timation fusion, consider that a particular process is monitored
by 𝑁𝑠 distinct sets of sensors. Based on the data available
from each set, we assume that a 𝑛 × 1 vector of estimates

Fig. 2. Decentralized fusion estimator

x̂𝑖, 𝑖 = 1, . . . , 𝑁𝑠, is obtained for the state variables of the
process. In addition, the resulting estimation errors can be
correlated, so that the corresponding 𝑛.𝑁𝑠 × 𝑛.𝑁𝑠 covariance
matrix is given by:

P =

⎡
⎢⎣

𝑃11 ⋅ ⋅ ⋅ 𝑃1𝑁𝑠

...
. . .

...
𝑃𝑁𝑠1 ⋅ ⋅ ⋅ 𝑃𝑁𝑠𝑁𝑠

⎤
⎥⎦ (23)

The optimal estimation fusion problem is obtained as a par-
ticular linear combination of the individual estimates x̂𝑖, that
is

x̂∗ = W𝑡
1 x̂1 + . . .+W𝑡

𝑁𝑠
x̂𝑁𝑠

Δ
= W𝑡 x̂𝑎 (24)

where W1, . . . ,W𝑁𝑠
are 𝑛 × 𝑛 weighting matrices,

W
Δ
=
[
W𝑡

1, . . . ,W
𝑡
𝑁𝑠

]𝑡
, and x̂𝑎 =

[
x̂𝑡
1, . . . , x̂

𝑡
𝑁𝑠

]𝑡
. The W𝑖

weighting matrices are obtained by solving the following
optimization problem:

min
W

𝐸 [(W𝑡 x̂𝑎 − x)(W𝑡 x̂𝑎 − x)𝑡]

s. to
𝑁𝑆∑
𝑖=1

W𝑖 = I
(25)

where 𝐸[⋅] is the expectation operator, x is the vector of
true values for the process state variables and I is the 𝑛 × 𝑛

identity matrix. Therefore, Problem (25) aims at minimizing
the covariance of the estimation error (x̂∗ − x). In the case
of specific interest in this PSSE application 𝑁𝑠 = 2, so that
Eq. (24) reduces to

x̂∗ = W𝑡
1 x̂1 +W𝑡

2 x̂2 (26)

It is possible to show that, for this particular case, the optimal
estimate is given by [20],[21]:

x̂∗ = (P22 −P21)(P11 +P22 −P12 −P21)
−1 x̂1+

(P11 −P12)(P11 +P22 −P12 −P21)
−1 x̂2

(27)

Equation (27) is known as Bar-Shalom-Campo fusion formula
[22]. It can be further simplified if the individual estimates x̂1

and x̂2 can be assumed uncorrelated, yielding

x̂∗ = P22 (P11+P22)
−1 x̂1+P11 (P11+P22)

−1 x̂2 (28)

B.Optimality Issues

It is possible to prove that, under certain conditions, the Decen-
tralized Fusion Estimator provides the same results as a cen-
tralized (that is, a hybrid simultaneous) estimator that jointly
processes the whole set of measurements made available by
the 𝑁𝑆 sets of sensors. This amounts to saying that no perfor-
mance degradation is incurred by applying the decentralized



6

strategy. As shown in [23], the above mentioned conditions
are: (i) measurement errors must be uncorrelated across sensor
sets, and (ii) the matrices that relate the measurement and
state vectors in a linearized measurement model must have
full column rank. In the PSSE problem involving both SCADA
and PMU measurements, condition (i) is satisfied by assuming
that SCADA and PMU metering channels are independent.
Condition (ii) in principle implies that the electrical network
must be both SCADA- and PMU-observable, although, as
discussed in the sequel, the strict PMU-observability condition
can be relaxed through the use of additional information at the
PMU-based estimation stage.

C.Hybrid SCADA-PMU State Estimation as an Estimation
Fusion Problem

If SCADA and phasor measuring systems are interpreted as
distinct classes of sensors used for monitoring the same power
network, the Multisensor Data Fusion concepts discussed in
the previous subsection can be used to incorporate PMU mea-
surements into PSSE. Accordingly, each of those monitoring
systems processes its own measurement set in order to produce
independent state estimates that reflect the current operating
condition of the power system. The SCADA-based and PMU-
based state estimators are hereafter referred to as SSE and
PSE, respectively. In addition, let us denote by z𝑆 and z𝑃
the measurement vectors whose processing by SSE and PSE,
respectively, produces states estimates x̂𝑆 and x̂𝑃 , whose error
covariance matrices are P𝑆 and P𝑃. Matrices P𝑆 and P𝑃.

are computed by Eq. (5) using the appropriate Jacobian and
measurement error covariance matrices.

Assuming that individual estimates x̂𝑆 and x̂𝑃 and corre-
sponding error covariance matrices are available, they can be
optimally combined in the Fusion Module of Figure 2. By
adopting the reasonable assumption that the SCADA and PMU
metering channels are independent, the optimal fused estimate
can be obtained from Eq. (28) as

x̂∗ = P𝑃 (P𝑆 +P𝑃 )
−1 x̂𝑆 +P𝑆 (P𝑆 +P𝑃 )

−1 x̂𝑃 (29)

This estimator is referred to as Fusion State Estimator (FSE).
It is interesting to notice from Eq. (29) that the matrix that
actually defines the weight of each component estimate x̂𝑆

and x̂𝑃 in the optimal solution is the error covariance matrix
associated with the other component. Since less accurate
estimates lead to covariance matrix with larger values, better
quality estimates receive larger weights, as one would expect.

The Bar-Shalom-Campo equation (29) is not amenable for ap-
plication to large networks, due to the explicit matrix inversion
on its right-hand side. There is, however, an alternative form
for it that prevents those computational difficulties. By using
Eq. (5) to define the SSE and PSE gain matrices G𝑆 and G𝑃 ,
it is possible to show that Eq. (29) can be rewritten as:

x̂∗ = (G𝑆 +G𝑃 )
−1 G𝑆 x̂𝑆 + (G𝑆 +G𝑃 )

−1 G𝑃 x̂𝑃 (30)

so that
(G𝑆 +G𝑃 ) x̂

∗ = G𝑆 x̂𝑆 +G𝑃 x̂𝑃 (31)

Since gain matrices G𝑠 and G𝑃 are available from the
individual SSE and PSE solutions, Eq. (31) can be solved by
sparse triangular factorization and forward/back substitution.

D.Handling PMU-Observability Issues

Equation (29) requires the availability of both x̂𝑆 and
x̂𝑃 , which suggests that SCADA-observability and PMU-
observability are both necessary conditions for applying the es-
timation fusion strategy. Observability with respect to SCADA
measurements is usually granted in practice, but the same does
not apply to PMU-observability, due to the still limited PMU
penetration in power networks.

However, PMU-unobservability can be circumvented by in-
corporating complementary information into the PSE stage, in
such a way as to artificially create the required observability
conditions to compute x̂𝑃 . Since that additional information is
usually approximate and often inaccurate, it must be critical
[13], [14], in order to avoid contaminating the estimates of the
PMU-observable states. In addition, a judicious choice of the
associated variance values should be exercised. In practice,
those variances should take values that are some orders of
magnitude larger than the telemeasurement variances. At the
outcome of the PSE stage, those large entries will be reflected
on the error covariance matrix P𝑃 , so that its diagonal values
corresponding to the PMU-unobservable states will be also
large. Since large variances lead to small weighting factors at
the fusion step, the PSE estimates receive very small weights,
so that the corresponding SSE estimates eventually prevail at
fusion stage. As a consequence, the effects of the assumed
complementary information are filtered out by the fusion
process and have no significant effect on the optimal estimates.

There are basically two forms for adding the above mentioned
complementary information: through pseudo-measurements or
via a priori state information. In this paper we make use
of a priori state information data, for two reasons: first of
all, some kind of information on state variable values is
always available, either as recently calculated state estimates
or, lacking them, standard “expected” values for bus complex
voltages. The second reason is computational: as discussed
in Subsection III-A, G3M rotations can easily handle a priori
information at initialization time, at virtually no computational
cost.

V. Impact on Bad Data Analysis

Bad data analysis in the context of hybrid state estimation has
been previously addressed in the literature [24]. However, the
peculiar aspects of the non-conventional estimation architec-
tures presented in this paper require a re-examination of the
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way bad data may affect the final state estimates.

Bad data methods in PSSE have been investigated through
many years and are available in the literature [13], [14], [25].
They share as a common characteristic the requirement of
a certain level of local measurement redundancy to ensure
good performance. That knowledge can be taken advantage
of by performing conventional bad data analysis at the first
estimation module, using one of the reliable methods available.
As a consequence, one would ensure that the SCADA-based
estimates to be later combined with PMU-based information
are free from the influence of bad data. However, performance
still depends on the existence of adequate levels of local
redundancy. Although that is usually granted for most regions
comprising a given power network, there are often weak spots
in which the available telemetered data is insufficient, so that
critical measurements (whose gross errors are undetectable
[14],[13]) and critical sets (whose gross errors are uniden-
tifiable [25],[14],[13]) may occur.

In those cases, multistage estimation methods offer additional
means to take advantage of the extra redundancy and enhanced
accuracy provided by phasor measurements. In fact, depending
on the location of the PMUs in the power network, estimation
errors due to bad data on critical measurements and critical
sets can be prevented through the use of multistage strategies,
as illustrated in the next section of this paper.

VI. Simulation Results

To illustrate the application of the two multistage estimation
strategies presented in this paper, several simulations have
been carried out on the IEEE 30-bus and 57-bus benchmark
systems. All simulations make use of a power flow study to
generate the “true” values for the state and network variables.
Measurements are generated by adding random Gaussian
distributed errors to those values, with zero mean and variances
corresponding to meter accuracies. Measurement errors are not
allowed to exceed ±2𝜎 in order to avoid adding unintentional
bad data to the measurement set. The assumed accuracy
level for SCADA measurements is 1%, while 0.1% is used
for PMU measurements, for both magnitude and angle. An
orthogonal scalar state estimator is employed to process the
SCADA measurements in the first stage, although there is no
restriction concerning the estimation algorithm at that stage.
For all cases, the metering schemes render the test systems
observable with respect to SCADA measurements. The latter
comprise active/reactive power injection, active/reactive power
flow, and bus voltage magnitude measurements. The second
stage processes phasor measurements from a number of PMUs
placed throughout the system. It is assumed that each PMU
measures the complex voltage at the bus where it is installed,
along with the complex currents through all branches incident
to it. In general, the PMU measurement sets themselves do not
ensure network observability. It is assumed that the voltage

phasor is always monitored at the reference bus, which is
bus 1 for both networks. Reported results for each case are
obtained by averaging the outcomes of one hundred performed
simulations, each of which considering distinct measurement
errors.

To evaluate the performance of the APSI-Blocked G3M
and Fusion estimation strategies, their results are compared
with corresponding ones obtained with two other estimators,
namely, a conventional SCADA-based estimator and a hybrid
simultaneous state estimator. Quantitative assessment of the
results is based on: (a) the global state estimate mean errors
for both bus voltage phase angle (in degrees) and magnitude
(in pu), 𝜀𝜃 and 𝜀∣𝑉 ∣, respectively; and (b) the voltage metric
(in pu) defined as [26]:

𝜀𝑉 =

⎛
⎝∑

𝑗

∣∣∣�⃗� 𝑡𝑟𝑢𝑒
𝑗 − �⃗� 𝑒𝑠𝑡

𝑗

∣∣∣2
⎞
⎠

1
2

(32)

where �⃗� and �⃗� 𝑒𝑠𝑡
𝑗 are the “true” and estimated complex

voltage at the 𝑗-th bus, respectively. The global state estimate
mean errors 𝜀𝜃 and 𝜀∣𝑉 ∣ are computed by averaging over the
number of state variables the mean errors computed for each
state variable over the 100 simulations. Similarly, phasor �⃗� 𝑒𝑠𝑡

𝑗

is the average of the estimates obtained from each sampled
simulation.

A.Results for the IEEE 30-bus system

This section reports the results of case studies conducted with
the IEEE 30-bus network. Table I summarizes the SCADA
and PMU metering schemes. The notation used in the ta-
ble is as follows: P(Q) stands for active (reactive) power
injection measurements; t(u) refers to active (reactive) power
flow measurements; and ∣V∣ stands for voltage magnitude
measurements. All of the above are SCADA measurements. �⃗�
(𝐼) represents voltage (current) phasor measurements. Phasor
units are (arbitrarily) located at buses 1, 2, 25 and 27. Table
I also shows the redundancy level 𝜌 for both measurement
systems, defined as the ratio between the number of scalar
measurements and the number of state variables.

TABLE I. METERING SCHEME FOR IEEE 30-BUS TEST SYSTEM

SCADA (𝜌𝑆𝐶𝐴𝐷𝐴 = 1.6) PMU (𝜌𝑃𝑀𝑈 = 0.58)

Meas. type 𝑃 𝑄 ∣𝑉 ∣ 𝑡 𝑢 𝑉 𝐼

Amount 15 15 14 27 27 4 13

Global performance indices computed for each of the state
estimators for this case study are given in Table II. The
absolute values of individual state estimates’ mean errors are
plotted in Figs. 3(a) and 3(b) for bus voltage phase angles and
magnitudes, respectively.

The global performance indices in Table II show the im-
provements of the two multistage strategies with respect to
the conventional SCADA estimator results. The comparison
between the APSI via blocked G3M and Fusion estimators
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TABLE II. GLOBAL PERFORMANCE INDICES FOR THE 30-BUS SYSTEM

SCADA Blocked APSI Fusion Hybrid

𝜀𝑉 9.72 × 10−3 7.72 × 10−3 1.76 × 10−3 1.73 × 10−3

𝜀∣𝑉 ∣ 8.77 × 10−4 5.81 × 10−4 2.40 × 10−4 2.36 × 10−4

𝜀𝜃 7.30 × 10−2 4.85 × 10−2 6.21 × 10−3 6.15 × 10−3
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Fig. 3. Estimation errors for IEEE 30-bus system.

indicates that the latter tends to exhibit a better performance
in terms of accuracy. In addition, it can be noticed that the
Fusion results are very close to those provided by the Hybrid
Centralized state estimator.

The individual estimates displayed in the plots of Fig. 3 allow
a more detailed picture of the results. While the improvements
provided by the blocked APSI scheme concentrate in the
vicinity of the PMU locations and form clusters of more
accurate estimates around those buses, the Fusion estimator is
able to better spread the benefits of the phasor measurements
throughout the network. This is due to fact that the Fusion
strategy implemented according to Eq. (31) considers all
correlations among the state variables. The plots also show
that the Fusion estimates deviate very little from those obtained
from a Hybrid Centralized estimator, despite the limited PMU
penetration considered in this case, which does not ensure full
PMU-observability for the 30-bus network.

B.Results for the IEEE 57-bus system

The SCADA and PMU metering schemes for cases B1 and
B2 conducted on the 57-bus network are summarized in Table
III. For case study B1, PMUs are arbitrarily located at buses
1, 2, 9, 10, 32, and 36, while case study B2 considers that
PMUs are installed at all buses of the network, thus ensuring
that it is fully PMU-observable. Table III also presents the

(a)

(b)

Fig. 4. Estimation errors for IEEE 57-bus system, Case B1.

corresponding SCADA and PMU redundancy indices.

1) Case B1 - PMU-unobservable network: The relatively low
penetration of PMUs in this case does not render the system
PMU-observable. In spite of that, the multistage estimation
strategies are able to produce significant accuracy improve-
ments with respect to the results of a conventional SCADA-
based estimator, as shown by the performance indices in Table
IV. The two plots in Figs. 4a and 4b represent the individual
estimation errors for all bus voltage angles and magnitudes,
respectively. The same pattern already observed for the 30-bus
network applies to this case as well: the APSI-Blocked G3M
estimates are significantly better than those yielded by the
SCADA estimator at buses pertaining to the clusters defined
by the PMU locations, and adhere to SCADA estimates
elsewhere. On the other hand, estimates obtained with the
Fusion strategy tend to closely follow those provided by the
Hybrid Simultaneous estimator. In global terms, this tendency
is confirmed by the corresponding performance indices in
Table IV.

TABLE III. METERING SCHEMES B1 AND B2 FOR IEEE 57-BUS TEST

SYSTEM

SCADA PMU-B1 PMU-B2
𝜌𝑆𝐶𝐴𝐷𝐴 = 1.6 𝜌𝐵1

𝑃𝑀𝑈 = 0.5 𝜌𝐵2
𝑃𝑀𝑈 = 3.7

Meas. type 𝑃 𝑄 ∣𝑉 ∣ 𝑡 𝑢 𝑉 𝐼 𝑉 𝐼

Amount 24 26 28 53 53 6 21 57 156

TABLE IV. GLOBAL PERFORMANCE INDICES FOR THE 57-BUS

SYSTEM - CASE B1

SCADA Blocked APSI Fusion Hybrid

𝜀𝑉 7.90 × 10−3 6.46 × 10−3 2.65 × 10−3 2.64 × 10−3

𝜀∣𝑉 ∣ 8.90 × 10−4 5.99 × 10−4 2.12 × 10−4 2.11 × 10−4

𝜀𝜃 2.73 × 10−2 1.86 × 10−2 5.69 × 10−3 5.69 × 10−3
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Fig. 5. Estimation errors for IEEE 57-bus system, Case B2.

2) Case B2 - PMU-observable network: This case corre-
sponds to the ideal scenario in which the high penetration of
PMUs by itself is sufficient to ensure network observability.
Considering the superior quality of the phasor measurements,
one then expects significant improvements in the accuracy
level provided by all estimation strategies able to process
that type of data. This is indeed confirmed by the global
performance indices given in Table V, where the index values
for both the multistage schemes and the hybrid simultaneous
estimator are at least an order of magnitude less than those of
the conventional SCADA-based estimator.

The above conclusion becomes still more apparent from the
plots if Fig. 5, which individually compares estimate accu-
racies for both bus voltage angles (Fig. 5a) and magnitudes
(Fig. 5b). Since the PMU metering scheme uniformly covers
the entire network, the APSI-Blocked G3M estimator is now
able to enhance the quality of the estimates for the states at
every bus. For the same reason, it is possible to claim that the
performance of the Estimation Fusion scheme in this case is
optimal, in the sense that there is no performance degradation
with respect to the hybrid centralized estimator, as already
argued in Subsection IV-B. Indeed, that conclusion is apparent
not only from the plots in Fig. 5, but also by comparing the
global performance indices for both estimators in Table V,
whose values practically coincide.

TABLE V. GLOBAL PERFORMANCE INDICES FOR THE 57-BUS SYSTEM

- CASE B2

SCADA Blocked APSI Fusion Hybrid

𝜀𝑉 7.66 × 10−3 3.65 × 10−4 2.97 × 10−4 2.97 × 10−4

𝜀∣𝑉 ∣ 7.60 × 10−4 4.42 × 10−5 3.11 × 10−5 3.10 × 10−5

𝜀𝜃 2.78 × 10−2 6.48 × 10−4 1.2 × 10−3 1.20 × 10−3

3) Case B3 - PMU-unobservable network, bad data in SCADA
measurement set: This case is intended to illustrate how
the extra redundancy provided by PMUs is able to mitigate
the effects of bad data in the SCADA measurement set.
The PMU metering scheme is the same as in Case B1,
while the SCADA measurement set is slightly modified to
create a low redundancy region near bus 16 of the 57-bus
network. The metering schemes are summarized in Table VI.
As a consequence of the changes, measurement ∣𝑉16∣ becomes
“SCADA-critical” in Case B3. In addition, that measurement
is contaminated with a gross error of magnitude 10𝜎. The
results for case B3 are presented in Table VII and Figs. 6 and
7.

TABLE VI. METERING SCHEME B3 FOR IEEE 57-BUS TEST SYSTEM

SCADA PMU-B3
𝜌𝑆𝐶𝐴𝐷𝐴 = 1.6 𝜌𝐵3

𝑃𝑀𝑈 = 0.5

Meas. type 𝑃 𝑄 ∣𝑉 ∣ 𝑡 𝑢 𝑉 𝐼

Amount 24 25 29 52 51 6 21

Since the measurement contaminated by the gross error is
undetectable, the SCADA estimates are affected. This leads
to a significant degradation of global indices 𝜀𝑉 and 𝜀∣𝑉 ∣
for the SCADA estimator, as shown in Table VII. Figure 6
points out that the problem is due to the error in ∣𝑉16∣ , which
clearly stands out against the other estimation errors (since the
measurement is critical, there is little error propagation, with
the exception of the attenuated cross-effect on 𝜃16). On the
other hand, since phasor measurements are available near the
affected bus, the influence of the gross error on the results of
the multistage and hybrid estimators is only marginal, as also
shown in in Table VII and Fig. 6.

TABLE VII. GLOBAL PERFORMANCE INDICES FOR THE 57-BUS

SYSTEM - CASE B3

SCADA Blocked APSI Fusion Hybrid

𝜀𝑉 1.42 × 10−1 6.95 × 10−3 3.67 × 10−3 3.22 × 10−3

𝜀∣𝑉 ∣ 3.33 × 10−3 6.40 × 10−4 3.85 × 10−4 3.14 × 10−4

𝜀𝜃 3.82 × 10−2 2.80 × 10−2 6.40 × 10−3 6.20 × 10−3

To better visualize the individual estimation errors of the APSI,
Fusion and Hybrid simultaneous estimators, they are re-plotted
in Fig. 7 without the SCADA results. A comparison of these
plots with those in Fig. 4 clearly shows that the errors in both
cases exhibit the same pattern, confirming that the multistage
estimators are practically insensitive to the SCADA bad data
under the above described conditions.

VII. Conclusions

This paper presents two novel multistage estimation ap-
proaches to incorporate phasor measurements into Power Sys-
tem State Estimation. A common feature of both methods is
the treatment of SCADA and phasor data by distinct estimation
modules, thus preventing the need of introducing significant
changes to existing EMS software. Instead, the structure of
conventional SCADA-based estimators are not affected, while
the processing of phasor measurements and their integration
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(a)

(b)

Fig. 6. Estimation errors for IEEE 57-bus system, Case B3.

(a)

(b)

Fig. 7. Estimation errors for IEEE 57-bus system, Case B3, without SCADA
estimator results.

with conventional estimates are performed by additional esti-
mation modules. This decoupled strategy also recognizes the
peculiar characteristics of both technologies, such as separate
measuring channels and quite different sampling rates.

The proposed multistage estimators are based on different
concepts. The first one considers conventional SCADA-based
estimates as a priori information, which is processed along

with phasor measurements by an orthogonal estimator. To
take advantage of the linear relationships that result from
formulating the estimation problem in rectangular coordinates,
a blocked version of Givens rotations is employed. The sec-
ond multistage estimator relies of principles borrowed from
multisensor data function theory. Both strategies and their
properties are described in detail, and several case studies
conducted on two IEEE test systems are used to compare
their performances with those of a conventional SCADA-
based estimator and a hybrid simultaneous strategy. The results
illustrate the distinguished features of each proposed approach,
and the benefits of incorporating phasor measurements into
power system real-time modeling.
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