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Abstract

This paper presents novel methods based on Affine Arithmetic
(AA) for voltage and transient stability assessment of power
systems, considering uncertainties of power injections from
intermittent generation sources such as wind and solar. These
methods, which are an alternative to the well-known sampling
and probabilistic based approaches, are able to improve the
computational efficiency as compared to simple Monte Carlo
(MC) simulations, with reasonably accuracy. The presented
AA-based voltage stability method computes the hull of PV
curves associated with the assumed uncertainties, and results
are discussed in detail for a 5-bus test system. On the other
hand, the proposed AA-based transient stability method solves
the set of differential-algebraic equations in affine form, based
on a trapezoidal integration approach, that yields the hull of
the dynamic response of the system, for a set of assumed
contingencies and uncertainties; this approach is demonstrated
on a generator-infinite bus test system. In both presented
stability studies, MC simulations are used for comparison and
validation purposes.

Nomenclature
Indices
Index for buses with voltage control settings.

c
D Index for dynamic variables, parameters, and functions.
h Index for approximation noise symbols.

i,k Bus indices.

IC  Index indicating central values.

J, s Index associated with differential-algebraic equations.

max Index for maximum limit.

min  Index for minimum limit.

m Index for buses with intermittent sources of power.

0 Index indicating initial values.

PF  Index for power flow variables, parameters, and func-
tions.

r Index indicating iteration number.

Variables

A Matrix of coefficients for affine forms used in AA-based
power flow analysis.

A,y  Matrix of coefficients for affine forms used in AA-based
voltage stability assessment (p.u.).

C Auxiliary vector for linear programming formulation in
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the AA-based power flow analysis (p.u.).

Auxiliary vector for the linear programming formula-
tion in the AA-based voltage stability assessment (p.u.).
Vector associated with the error of the differential-
algebraic equations in affine form.

Equivalent approximation error of non-affine operations
of AF.

Variation of bifurcation parameter (p.u.).

Variation of bus voltage angle (p.u.).

Rotor angular position in affine form (rad).

Vector of corrections of the state and algebraic variables
in affine form.

Equivalent approximation error introduced by non-
affine operations of state and algebraic variables.
Vector of corrections of the state variables in affine
form.

Vector of corrections of the algebraic variables in affine
form.

Vector of noise symbols associated with AA-based
power flow analysis.

Vector of individual noise symbols associated with
approximation errors.

Noise symbols associated with the approximation errors
of the multiplication of two affine forms.

Noise symbols associated with the approximation errors
of non-affine operations.

Noise symbols associated with intermittent sources of
power.

Noise symbols associated with voltage control settings.
Vector of noise symbols associated with AA-based
voltage stability assessment.

Individual approximation error of non-affine operations
of AF.

Jacobian matrix in affine form.

Equivalent approximation error for the Jacobian matrix.
Individual approximation error for the Jacobian matrix.
Bifurcation parameter.

Bifurcation parameter in affine form.

Vector of active and reactive power injections for the
AA-based power flow analysis (p.u.).

Vector of active and reactive power injections for the
AA-based voltage stability assessment (p.u.).

Set of noise symbols introduced by approximations of
non-affine operations.

Injected active power (p.u.).

Injected active power in affine form (p.u.).

Active power generated (p.u.).



P  Active power generated in affine form (p.u.).

P! Computed partial deviation of the injected active power
related to intermittent sources of power (p.u.).

PPV Computed partial deviation of the injected active power
related to PV buses (p.u.).

P*  Computed partial deviation of the injected active power
related to approximation errors (p.u.).

(0] Injected reactive power (p.u.).

0 Injected reactive power in affine form (p.u.).

q Matrix of errors introduced by approximations of non-
affine operations in AA-based power flow analysis.

qys  Matrix of errors introduced by approximations of non-
affine operations in AA-based voltage stability assess-
ment.

Oc  Reactive power generated (p.u.).

Oc  Reactive power generated in affine form (p.u.).

Q6 Computed partial deviation of the injected reactive
power related to intermittent sources of power (p.u.).

0"V Computed partial deviation of the injected reactive
power related to PV buses (p.u.).

Q" Computed partial deviation of the injected reactive
power related to approximation errors (p.u.).

R;c  Vector of central values for active and reactive power
in AA-based power flow analysis (p.u.).

Ry, Vector of central values for active and reactive power
in AA-based voltage stability assessment (p.u.).

0 Bus voltage angles (rad).

0 Affine form for bus voltage angles (rad).

u Affine form of the variable u.

ity Affine form of the variable u,.

us,  Approximation error of non-affine operations for the
affine form uy.

itp affine form of the variable ug.

up, Approximation error of non-affine operations for the
affine form up .

uap, Approximation error of the multiplication of the affine
forms u, and ug.

)4 Bus voltage magnitudes (p.u.).

Vv Affine form for bus voltage magnitudes (p.u.).

Vap,, Auxiliary variables (p.u.).

Vpo  Variable associated with the voltage of the PQ-bus used
as parameter (p.u.).

VPQ Affine form of the variable associated with the voltage
of the PQ-bus used as parameter (p.u.).

X Bus voltage magnitudes, angles and other relevant
unknown variables such as generator reactive powers
in case of power flow equations, and state variables in
case of differential-algebraic equations (p.u.).

X Affine form of the state variables (p.u.).

y Algebraic variables such as static voltages and angles
(p-u.).

y Affine form of the algebraic variables (p.u.).

Parameters

B Susceptance matrix (p.u.).

AL  Load changes (MW).

APg
APg,
AP,
AQ.

Direction of generator dispatch (p.u.).

Variation of generated power (p.u.).

Direction of the active power variations of load (p.u.).

Direction of reactive power variations of load (p.u.).

AV, Variation of voltage settings (p.u.).

AV, Step size used in the parametrization technique (p.u.).

At Time step (s).

D Damping coeflicient.

o Noise symbols introduced by the approximation of non-

affine operations.

Conductance matrix (p.u.).

Inertia constant (p.u.-s).

Ks  Variable for representing power share in the distributed
slack bus approach.

N Number of buses.

zQ

Npa Number of differential-algebraic equations.
Nic  Set of buses with intermittent sources of power.
Npy  Set of PV buses.

p In case of power flow equations, this vector represents
specified active and reactive powers injected at each
node, as well as terminal generator voltage set points. In
case of system differential equations, this vector stands
for any controllable parameter. (p.u.).

Py Active power demand (p.u.).

Q;  Reactive power demand (p.u.).

t, Initial simulation time (s).

ty Final computation time for time domain simulations (s).

V, Magnitude of the voltage used as a parameter (p.u.).

Vi Voltage magnitude of the infinite bus (p.u).

X Direct axis transient reactance of the generator (p.u.).

Xr Reactance of the transformer (p.u).

Xy,  Transmission line reactance (p.u.).

Functions

f Set of power flow equations or differential equations in
case of transient stability.

g Set of algebraic equations.

Introduction

Affine Arithmetic (AA) is a numerical analysis technique
based on the representation of the variables as affine com-
binations of data uncertainties and/or approximation errors
[1]. The main advantage of this technique is the possibility
of tracking the correlations among variables, which is not
possible for other self-validated techniques such as Interval
Arithmetic (IA). This characteristic allows reducing the ex-
cessively conservative bounds that may arise with TA. AA
found applications in several fields such as computer graphics
[1]-[3], circuit sizing [4], and analysis under uncertainties
[5]. In the area of power systems, an AA-based technique is
proposed in [6] to solve the power flow problem, considering
uncertainties associated with loads and generation, and hence
computing the bounds of voltage profiles associated with
the uncertainties. This paper proposes an AA based comput-
ing paradigm for voltage and transient stability assessment



of power systems, considering uncertainties associated with
power injections, which can be associated with solar and wind
generation sources.

A variety of methods can be found in the literature that address
the issue of uncertainties in power systems [7]-[42]. One of the
most widely used approaches is the Monte Carlo (MC) simu-
lations [7]-[12], which accurately models system complexities
but at a high computational cost, which may be prohibitive in
certain applications. Aimed at reducing the computational cost
of MC simulations, while achieving acceptable accuracy, sev-
eral sampling and analytical approaches have been proposed in
the literature. For instance, the two-point estimate method is
used in [13] to compute an approximation of the moments
of the system transfer capability, assuming uncertainties in
power injections and transmission line parameters, based on
two probability concentrations for each uncertain variable.
Similarly, in [14], the two-point estimate method is used to
compute the Probablity Density Function (PDF) of the max-
imum relative rotor angle, considering uncertainties in loads
and clearing times. Although the two-point estimate method
significantly reduces the computation time, as compared to MC
simulations, when the number of uncertain variables and/or
statistical dispersion increases, the method is not sufficiently
accurate as the MC simulations [15]. Moreover, the order of
the method depends on the PDF of the uncertain variables.

Linearization techniques are used in [16]-[18] to efficiently
estimate the transfer capability margins due to variations in
system parameters. Similarly, in [19], a method to compute
the transient stability indices in terms of relevant system
fixed and statistical parameters is presented. The nonlinear
relationship between the critical clearing time and system load
is approximated using a log-linear model whose parameters are
computed by linear regression. In [20], the Potential Energy
Boundary Surface method is used for probabilistic transient
stability assessment considering uncertainties associated with
fault clearing times and system loads. In [21], the PDF of the
critical clearing time is determined using a linear function with
respect to the system load, which is computed using the equal
area criterion together with linearization techniques around
an equilibrium point. These methods are able to estimate the
voltage and transient stability indices efficiently, but within
narrow limits in which the linearizations are valid.

Conditional probability based approaches are also reported in
the literature for assessment of transient stability [22]-[26].
Similar to the MC simulation methods, these approaches are
mainly applied to stability studies associated with medium and
long term planning. Even though the conditional probability
based approaches reduce the simulation times as compared
to MC-based approaches, these require considerable compu-
tational effort relative to other time simulation approaches.
Furthermore, these methods rely on available historical data
in order to provide accurate statistics of the transient stability
indices. In general, conditional probability based approaches
exhibit some difficulties in properly defining the PDFs of the
uncertainties associated with the operating conditions.

Some research is reported on the application of machine
learning techniques for probabilistic transient stability assess-
ment [27]-[30] and voltage stability assessment [31]-[33], to
improve the computational efficiency as compared to MC-
based methods. Direct intelligent search paradigms, such as
Population-based Intelligent Search (PIS) have been proposed
in the literature for risk assessment of power systems [34], with
the aim of generating the dominant failure states and minimize
the generation of success states, and hence improving the
computational efficiency as compared to MC simulations.

Re-sampling based approaches are also reported in the lit-
erature. Specifically, the bootstrap method has been used as
an alternative to MC simulations for empirically computing
the parametric confidence intervals of a sampling distribution
in power system analysis [35], [36]. Although the bootstrap
method is reported to be more efficient than the MC simula-
tions [37], in terms of computational efforts, it still requires
repetitive simulations. Alternatively, a stochastic response sur-
face is used in [38] to estimate the PDF of the loadability
margins considering power injection uncertainties associated
with renewable sources, while in [39], a hyper-cone model
is used to compute the worst case scenario of maximum
loadabilities, assuming uncertain loads.

As an alternative to sampling- and statistical-based methods,
soft-computing-based techniques are proposed in the literature.
For instance, in [40] and [41] fuzzy set theory is used to repre-
sent uncertainties in voltage stability assessment. In [42], fuzzy
set theory is applied to determine transient stability indices for
a defined number of system conditions. An important effort has
been made in the literature to define the connection between
interval analysis and fuzzy set theory [43]-[45]. It is stated
in [45] that the theory of fuzzy information granulation, the
rough set theory, and interval analysis can all be considered
as subsets of a conceptual and computing paradigm of infor-
mation processing, called Granular Computing.

Self-validated techniques for power system analysis are also
proposed in the literature. For instance, in [46], IA is applied
to compute the power flow bounds of a five-bus test system
when loads and generator powers are defined by intervals.
The authors observe that although the IA offers a better
performance than the MC simulations in terms of computation
time, it may produce excessively conservative results when the
input interval sizes increase. Also, an IA based approach is
proposed in [47] for transient stability assessment considering
uncertainties in the system parameters. The resultant interval
differential equations are solved by means of an interval Taylor
series method. It is noted that the [A-based methodology leads
to error explosion, as the simulation time progresses. On the
other hand, a methodology to evaluate the impact of parameter
variations in the transient and DC response of analog circuits
using AA is proposed in [48]. This methodology solves a
set of Differential Algebraic Equations (DAEs) that models
the analog circuit using an iterative approach. Thus, a similar
AA approach is proposed here for the solution of DAEs for
transient stability analysis, since this method avoids the error



explosion attributed to IA based methodologies, and represents
a computationally efficient alternative to probabilistic and
sampling-based techniques.

The proposed AA-based methods efficiently compute the hull
of full PV curves and time domain dynamic responses of
the system under uncertainties, representing useful tools to
avoid insecure system operation. Unlike most of the previ-
ously discussed approaches, the uncertain variables in the
proposed AA-based methods are modeled as intervals with no
assumptions regarding their probabilities. This characteristic
is important when the uncertainties are due to intermittent
renewable sources, since the PDF of the forecasting error
depends on the time horizon and the prediction method, among
other factors. Furthermore, contrary to machine learning and
direct search paradigms, the training, sampling, or evolutionary
computational processes are not required in the AA-based
techniques.

The rest of this paper is organized as follows: The second
section discusses the AA-based power flow method, which is
the basis for the formulation of the AA-based voltage stability
analysis method proposed in the third section. In the fourth
section, the proposed AA-based transient stability method is
presented. The fifth section discusses the results of applying
the proposed methods using two test systems. Finally, in the
last section, the main conclusions and contributions of the
present work are presented.

AA-based Power Flow Analysis

An AA-based technique to solve the power flow problem
considering uncertainties in load and generation is proposed
in [6]. Based on this approach, the bus voltages and angles in
affine form can be written as:

aV; ov;
Vi= Vi, + Z aPg ICAPGA,nSIGm"' Z av. ICAVAF(SPVaL‘_SPVbc)
meN|G m ceNpy (1)
00, 00
0; = Oc, + Z : APGAmEIGm + Z : AVy (epvac — €pvbe)
0Pg, lic Velic
meN|G m ceNpy

(@3]

where the noise symbols epy, and epy; are additional noise
symbols introduced to account for the reactive power limits of
generators, and thus avoid the need for PV-PQ bus switching
of the power flow AA formulation used in [6]. This approach
is based on the representation of PV buses discussed in [49].
The voltage at PV buses is defined as:

Ve = Vie, + AVa epvac — AV Epvie Yce Npy  (3)
where:
0 <éepyac < Lepyp =0 for Qg < Qg,,,
gpvae = 0,0 < gpyp. <1 for Qg > 06, Yc € Npy

&pvac = 0,&pype = 0 for

Q6,0 < Q6 < 06,
4)

The first condition in (4) guarantees that the minimum

reactive power constraint of the generator is not violated.
This is achieved by increasing the magnitude of the reference
voltage by means of the auxiliary variable epy,. according
to (3). Similarly, the second condition avoids violation of the
upper reactive power limit by adjusting the magnitude of the
auxiliary variable epyp., which reduces the reference voltage
of the generator. When no reactive power limits are violated,
the auxiliary variables in (3) are zero as in the third condition,
thus keeping the voltage reference at its pre-established value.
The effect of the variation of the voltage specified at PV nodes
due to these noise symbols is accounted for in (1) and (2) by
means of the partial derivatives of the bus voltages and angles,
with respect to the voltage reference set points at PV buses.
This approach is implemented using the Linear Programming
(LP) formulations described in detail at the end of this section.

The coefficients of the noise symbols in (1) and (2), given by
the partial derivatives of voltage magnitudes and angles with
respect to the injected active power and reference voltages
at voltage controlled buses, can be calculated from a “base”
power flow solution and its associated Jacobian matrix. These
derivates are evaluated at the following central values of the
active powers injected at buses where intermittent generators
are considered:

PG, + PG,
PGlCm = % VYm € Nig (5)

The active and reactive power affine forms P; and Q; are
obtained by replacing the voltage and angle affine forms given
in (1) and (2) in the following equations Vi = 1, .., N:
N

ViVi[Gijcos(d; — 0)) + By sin(@; — 6)]  (6)
j=1

P;

N
0: = > ViVi{Gijsin(@: - 0)) - Bycos@ -8 (7)
J=1

Since the sinusoidal functions are non-affine operations, they
are expanded in this paper in terms of a series of Chebyshev
polynomials for five digits accuracy [50].

The affine form for the active power equations (6) and reactive
power equations (7) exhibit the following form, after all affine
function operations and approximations given in [1], [2]:

D _ 1G PV PV
Pi =P+ Z Piméic, + Z Picepv, — Z Picepv, +

meN;g cENpy cENpy

A
Z Pi,thh

heN),
®)



0i = Qi + Z Q mEIG, * Z Qlc epy,. — Z Q, cEpv, t
meN;g ceNpy ceNpy
Z thgAh
heNy,
)
These equations may be written in compact form as follows:
Ae =C (10)
C=L-(Ric+q) (11)
where:
/G G PV PV PV PV
P|,1 0 PN Pl,l PleV 7 TNy
PIG - PIG PPV . PPV _PPV V. _PPV
— N-1,1 N-1,N, N-1,1 N-1,N, N-1,1 N-1,N,
A= G .. G 6 PV PV il _OFPV ... PV e
11 1.NiG 11 1.Npy 11 1.Npy
G G PV PV PV PV
N-1,1 """ PN—I Nig 2N-1,1" PN—I Npy QN—I,I T EN-1Npy )
[ er6,
[P6,.,, — Pr ). [P6,,., —PL]
€IGy,, .
EPV,, ’
c= . L= [PGminN,l - Pr, [PGmaxN,l - Pl
: [QGm[nl - QLI]’ [QGmaxl - QLI]
EPVanpy
EPV),
. [[Qc Giny_, QLN 1 QGnmN | QLNfl]—
EPVinpy
] . - pA A [ €ar]
Py Py P
A A
Ric = Py g= PN—1,1 PN 1,Nh
Qlu Q‘?,L e Q?,Nh
A
.QN |
ic »Q?;/—l,l N-1.Nd | gy, |

To obtain the maximum and minimum values of the noise
vector ¢ in (10), the following LP problems must be solved:

Min Y &G,y + 2 EPVapne T 2 EPVbyinc
S.t. -1 <¢gp <1

minm =
0< EPVaines EPVbyine = 1 (12)
Chiin < Agmin < Cpax
Ym e N,(;,Vc € NPV

max 2 8]Gmaxm + 2 8P‘/amax(‘ + Z EPmeaxC
S.t. -1 <¢g <1

maxm —
—1 < EPVayer EPVDe <0 (13)
Cmin < Asmax < Cmax
Ym e N](;,VC € NPV

The values of EIGmins EPVanmins EPVbyins and EIG x> EPVayays EPVbyax
obtained by solving these simple LP problems are used in
(1) and (2) to compute the maximum and minimum bus
voltages and angles. Notice that the objective functions in
(12) and (13) are mathematically formulated to contract the
vector € according to the physical restrictions imposed by the
power flow equations and the bounds of the noise symbols.
Thus, there is no particular physical meaning attributed to the
objective funtions.

AA-based Computation of PV Curves

Voltage stability is associated with the ability of the power
system to maintain acceptable voltage levels under normal
operating conditions and after the system is perturbed by
small or large disturbances. Although voltage stability is a
dynamic process, the absence of the post-contingency long-
term equilibrium, which is associated with voltage collapse,
can be analyzed using steady-state analysis techniques [51],
[52].

The maximum loadability before the system experiences a
voltage collapse, which is characterized by a progressive fall
of bus voltage magnitudes, is associated with the existence of
a saddle node or limit-induced bifurcation [51]. The saddle
node bifurcation is identified as the operating point where
the system state matrix is singular, which usually results in
no power flow solutions due to the singularity of the power
flow Jacobian matrix. Limit-induced bifurcations refer to an
operating point where generators reach their reactive power
limits and lose their voltage control capability, which may
also result in no power flow solutions.

The maximum loadability and voltage profiles as the loading
changes are commonly computed using the continuation power
flow technique [53]-[55]. This technique is based on the
solution of power flow equations that can be represented by:

Sfer(xpr, ppr,A) =0 (14)

The parameter A is used to generate different scenarios for
loads and generator outputs as follows:

« For generator powers excluding the slack bus:

Pi(d) = Pg,; + AAPg;  Mi=1,..N-1  (15)

« For generator powers including the slack bus (distributed
slack bus):

PGi(d) = Pg,; + (A+ Kg)APg;,  Vi=1,..N  (16)

« For load powers:

Pri(d) =
OLi(A) = Op,; + AAQy,;

Proyi+ AAPL;  Vi=1,..,N (17)

Vi=1,..,N (18)



The solutions of (14) for different values of A are obtained
using predictor and corrector steps [51]. Solutions obtained
from the continuation power flow yield PV curves and the
maximum system loadability, which is commonly used to
compute voltage stability margins.

Equation (15) can be written in AA as follows:

P () = PG, + AAPg;  Yi=1,.,N-1 (19

Similarly, the load equations can be written as:

P() =P, +AAP;  Mi=1,.,N (20)
Or,() =0, +AAQ  Yi=1,.,N 1)
where
oA oA
A= Ac+ APg, E1Gm + AV (epvac = €pvie)
mg,;c OPg, lic ! C;‘/ Ve.lic

(22)

Notice that the loading parameter A is now in affine form, and
thus is written as a function of the variability of the output
power of intermittent generators. This variability is modeled as
intervals that represent the maximum and minimum power in-
jections associated with the simulation time period as follows:

Pg

[PGICm_APGAm’PGICm+APGAm] vaNIG (23)

or equivalently in AA:

PG, = PGy, + APG, €16 VM € Nig (24)

For a different period of time, a different interval for the
uncertain power injections may be needed; for instance, APg,
may be chosen according to the forecasting error associated
with the concerned planning horizon. On the other hand, AV,
may be decided so that there is a sufficient margin for the
variation of the reference voltage setting of PV buses in order
to keep generator’s reactive power within limits. In this paper,
AV, has been assumed to be a 10% of the pre-established
reference voltage control settings for all study cases. The affine
forms for voltages and angles can be written as in (1) and (2).
For the computation of the central values and the upper and
lower bounds of the PV curves, a parametrization technique is
used in this paper. Figure 1(a) illustrates the problems when
the load power is used as a parameter to compute the lower
and upper parts of the PV curves. Note that varying the load
by varying the power from P;; to P;;, and computing the
respective upper voltages V,; to V,; and lower voltages Vj
to Vj; based on AA or MC simulations can only be done
until the lower bound of the PV curve reaches the maximum
loading point given by P;;. Beyond this point, the dotted parts
of the PV curves cannot be readily computed. To overcome
this problem, the voltage magnitude at a PQ bus is chosen
as the parameter, as in Fig. 1(b), based on a parametrization
approach [51], [53]-[55]. Notice that the voltage magnitude at
the chosen PQ bus varies from V; to Vo, and for each of these
voltages, the associated lower power loads Py, to Pr,y and

>
: L £, oo Bound
P
" Ry
P
—— Lower Bound P % P
g %1 Vu2 V. v V—Upper Bound Ly, ﬁ7 Ly,
oy, e o (]

Yoo g, (
Al A

g

A I,: 'ES PE POWER VYV YLV  vorTace
(a) (b)

Fig. 1. PV curves: (a) using the load power as the parameter; (b) using a
PQ-bus voltage magnitude as the parameter.

upper power loads Py, to Pp,q can be readily computed. The
PQ-bus voltage of the bus that exhibits the largest variation in
voltage magnitude with respect to load variations is used as
the parameter. The affine form for the voltage of this bus can
be written as: _

Veg =V, (25)

where V), is updated for the computation of the PV curves as
follows:
V,=V,—-AV, (26)

The step size AV, varies depending on the proximity to the
maximum loadability; thus, the closer to this maximum, the
smaller the step size. The proximity to maximum loadability
is detected by computing the difference between the former
and the actual loading factor A; the lower this difference,
the closer the system is to a saddle node or limit-induced
bifurcation. Notice that for computations beyond the maximum
loadability, the loading factor starts decreasing, and thus it is
straightforward to detect when the maximum loadability has
been reached.

The proposed PV-curve computation approach is based on the
following AA form of power flow equations:

Pg, — P, — AAPL; —P; =0

oi

06, — Or,, — AAQ1i — Qi =0

Vi=1,..,N (27)
Vi=1,.,N 28)

plus the additional equation (25) corresponding to the
parametrization approach. Here, P; and Q are written ac-
cording to (8) and (9), and FG,- is given by (19) for dis-
patchable generators, excluding the slack bus. In case of non-
dispatchable generators, FG‘ is modeled as an interval which
represents the uncertainties associated with the output power,
as in (24).

Equations (27) and (28) exhibit the following compact form,



after all affine function operations and approximations:
Ays&ps = Cos (29)
Cuy = Lug — Ruge + ) (30)
where:

EPIIC +11C(APL1 — APGl)i

o PNIC + AIC(APLN — APGN)
v O1,c + AicAQr,

One + 4icAQy,

and A, &5, Cys, Lys, and g, have the form of the matrices
used in (10) and (11).

Using a similar approach to the one described in the previous
section, the LP formulation for the proposed AA based voltage
stability assessment is obtained by substituting C by C,, and A
by A, in (12) and (13). The values for €s6,,., €Pva,ums> EPVum>
and &;6,,,., EPvay,,,» EPVh,,, Obtained by solving the resultant LP
formulations are used in (22) to compute the minimum and
maximum values of A.

AA-based Method for Transient Stability Assess-
ment

Transient stability is associated with the ability of the power
system to remain in synchronism when subjected to a large and
sudden disturbance. The severity of this disturbance makes it
impossible to linearize the system dynamic equations; thus, in
practical systems, numerical integration techniques are com-
monly used to solve these nonlinear equations. The general
form for the non-linear differential algebraic equations (DAEs)
that describe the system behavior is as follows:

xp(t,) = Xp, (31
Y(to) = Yo (32)

.XD(t) = fD(XD,y, PD, /1)
0 = g(xp,y, pp, D)

where xp represents the state variables such as generator
internal angles and speeds; y refers to algebraic variables such
as static voltages and angles; pp stands for controllable param-
eters such as AVR set points; and A represents uncontrollable
parameters such as load levels. A different set of (31) and (32)
is needed whenever a discrete variable changes; this accounts
for the possible discontinuities in the algebraic variables that
occur, for instance, when a transmission line is tripped. In this
case, the algebraic variables after and before the line trip time
instant describe continuous trajectories, with a discontinuity
at the line trip time instant. These algebraic variables are,
therefore, allowed to change instantaneously, which is not the
case for the state variables that always describe continuous
trajectories.

The set (31) and (32) can be formulated in AA as follows:

(1) = oG, Y, P, A Xn(t,) = X, (33)
0=gGp. 3P W) =7y (34)

The purpose of this formulation is to compute the hull of
the system response due to intermittent sources of power
when large disturbances occur. To achieve this goal, the set
of differential-algebraic equations in affine form are solved
by using a trapezoidal integration approach, resulting in the
following formulation for the differential equations:

T, =X, AL 2) [ E,, s Tt P 6 tat )+ Fo(Fys s P2s 05 1)) = 0
(35)

The initial affine forms of the state and algebraic variables are
computed as:

_ Oxp
= xpe D AP, 16, (36)
meN;g Gap HIC
— 0
y=yic+ Z 3 Py APg,, 16, (37
meNg O Gam IC

The central values are computed by solving the following set
of steady-state equations:

So(Xpye> Yics Ppes0ic) =0 (38)
8(Xp,c, Y1 PDies 01¢) = 0 (39

PGy + PG,
PGICm = 2 VYm € Nig 40)

and the affine forms of the intermittent sources of power are
modeled as in (24).

The resultant set of algebraic equations can be solved using a
Newton approach as follows:

AF = JAX (41)

This linear system of equations is solved iteratively, updating
the state and algebraic variables until convergence is attained.
According to this formulation, the set of differential and
algebraic equations are simultaneously solved, achieving better
numerical stability than partitioned techniques. The compo-
nents of the vector AF in (41) exhibits the following form
after all affine functions and approximations:

E = AFIC.,- + Aleé‘IGl + AFQJS[GZ + ...

+AFmJ.81Gm + Z(Fahﬁ)sHM =0 VmeN;g, s=1..Npy
heNh
(42)



The last term of this equation, which corresponds to the
independent noise symbols that results from the non-affine
operations can be reduced into a single noise symbol as
follows:

D \Faylen,, = AFuen, s=1.Nps  (43)

heNh

Similarly, the components of the Jacobian matrix can be
written as:

Js,j = JIC.;,,' + le.b‘]G] + sz.EIGZ + ...+ me_jsn + .]I.Ix_J.t‘E‘I.Iv

) (44)
VYm e NlG s, ] = 1-~~NDA
Ju, = D \Uay, len, s, =1..Npa 45)
heNh
and the affine forms of the vector AX are:
A/\)(S = AXICS + AXISSIG] + ...+ AXmSSIGm + A)(HJ(‘-JHJ (46)

s = 1...Npa,¥m € Nyg

This vector is comprised of the state and algebraic variables,
and thus have the following form:

—  |Ax
AX = [Z}} (47)

The multiplication of the affine forms in (41) can be defined
as follows:

U = UpUupg = Up Up,c + Z (uAlCuBm + MBICuAm)SIGm + (MAICMBH+
meN;g

+UB, U, )EH + UABEAH
(48)

where 4 and up are two different affine variables. This yields
the following components of the affine form AF:

o Central values:

N,
AFICx = ZDT JICY_/'AXIC/- s = 1-~-NDA (49)
=1
o The m-th components:
Npa Npa
AF,, = ; Jic,AX,, + ; Ty, AXic, 50

s =1..Npa,¥Ym € N;g

« Approximation errors:

Npa Npa
AFp, = " Jic, AXu, + ) Jn, AXic, 51
j=1 =1

§ = l..NDA,Vm S N]G

These equations are used to compute the components of the
affine form AX according to the following formulations in
matrix form:

r r r r r
AFy, Jic, e, Ticia, || AXie,
r r r - "
AFICz JlCz 1 ]1C22 JICZNI)A AXIC
AFf r r r r
ICNDA ]ICNDA‘] JICNDA.Z ICNDAvNDA ICNDA
(52)
AFT —AX) . T — ... —AX, J! A,
mi cyYmyy o ICNp, MmNy AX:nz
AFpy = NXie Ty == DX " To | = A7
" _ r r _ _ r r .
AFmNDA AX1C1 JmN[)A-l e AXICNDA J”WDA-NDA :
MNpa
VYm € Nig
(53)
T r r r r A)(1':11
AFpy = AXe Ty o= DX Ty AxX:
T T r r T 2 -
AFpy = AXe T == AXey T =]
T — r T — — T r .
A = MXpe Ty == DXy T A,
N

where the matrix Ajc is:

r r r
J1C1.1 JIC],Z IC\ np,
Jr Jr r

1C21 Isz ICZN
r ) s Npa

Ale=| . . (55)
r r r
1Cnpy1 ICnpy2 ICNpsNpa

The state and algebraic variables are iteratively updated as
follows:

Xy =%, + Axp (56)
T =V + Ay (57)

where Ay" and AX}, are computed using (49)-(55) These
variables are iteratively updated until convergence is attained.
Figure 2 illustrates the proposed algorithm for the AA-based
transient stability assessment. This algorithm is very similar to
the commonly used approach to solve the differential-algebraic
equations for time domain simulations, but in affine form.
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Fig. 2.  AA-based time domain simulation algorithm.

Simulation Results and Disussions

To test the proposed AA-based methodologies for voltage and
transient stability assessment, a 5-bus test system [56] and a
generator-infinite bus test system [57] are used, respectively,
as explained below. For comparison purposes, computation of
PV curves and time domain simulations are performed using
an MC simulation approach, assuming uniform distribution
for the non-dispatchable generators intervals, and are thus
treated as the benchmarks for comparison purposes. The con-
vergence of the MC simulations was determined by assuming
a tolerance of 0.0001 in the change of the expected value.
These simulations, based on MATLAB, were carried out on a
computer with 8 GB of RAM and a processor of 3.40 GHz.

5-Bus Test System

This system comprises two generators which supply a base
load of 440 MW. One of these generators is assumed to be
an intermittent power source, while the second is assumed
to be dispatchable, and is the system’s slack bus. For the
computation of PV curves, the load directions in (20) and (21)
are defined as: AP;, = Pr,,, AQr, = Qy,,, and the generator

0i *

direction in (19) is: APg, = Pg

oi *

- - MC Lower Bound
-='MC Upper Bound
AA Lower Bound
— AA Upper Bound

0.75-

BUS 2 VOLTAGE MAGNITUDE (p.u.)

160 180 200 220 240 260 280 300 320 340
LOADING CHANGE (MW)

Fig. 3. PV curves for the IEEE 5-bus test system.

Figure 3 shows the PV curves obtained using MC simulations
and the proposed AA methodology for a 30% margin variation
of the uncertain variable. Notice that the AA approach allows
efficiently computing the upper and lower bounds of the PV
curves, providing information regarding the hull of voltage
profiles. No other technique proposed in the literature so far
can quickly generate such curves, which could be used by
power system operators like standard PV curves are used now
[51] (e.g. to determine voltage profiles as the maximum system
loadability is approached). The proposed AA approach is
computationally more efficient than MC simulations, achieving
49.03% (0.889 s vs 1.744 s) savings in computational time.
The maximum loadability obtained using MC simulations and
the AA-based method exhibits a difference of 0.41% and
0.12% for the upper and lower bounds, respectively. Therefore,
the proposed AA-based method is able to accurately determine
the PV-curves at significant computational savings.

Generator-Infinite Bus Test System

The system shown in Fig. 4 comprised of a synchronous
generator, which is assumed to be intermittent, and connected
through a transformer and two parallel lines to an infinite
bus, is used here to demonstrate and test the proposed AA-
based transient stability simulation approach. The data for this
system is given in Table I. A three phase fault is assumed in
the middle of one of the lines connected between Buses 1 and
2, which is subsequently cleared by tripping the faulted line.
The initial central values for the affine forms are computed
assuming that the infinite bus is drawing 5.5 p.u. real power
at unitary p.f.

In this example, generators are modeled using a classical
model; however, it is important to point out that the proposed
AA-based algorithm for transient stability assessment is not
model-dependent, thus, any detailed model for the power
system components such as synchronous generators, wind
farms and solar PV arrays can be used.

Figure 5 shows the upper and lower bounds of the system
dynamic response when the intermittent source varies within
the interval defined by [522.5 577.5]MW, i.e. a +5% variation.
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Fig. 4. Generator-Infinite Bus Test System

TABLE I

GENERATOR-INFINITE BUs TEST SysTEM Data

H D Xz/l X7 X1 Vs pf PGI(?
(s) (puw (pu) (pu) (pu) (pu (p.u.)

200 0.1  0.025 0.025 0.1 1.0 1 5.5
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Fig. 5. Generator-Infinite Bus Test System: 3-cycle fault and +5% variation
in generation

Notice that the bounds obtained using the AA-based approach
closely follows the bounds obtained using MC simulations,
with a maximum error of 1%.

Figure 6 depicts the effect of the size of the interval that
models the intermittent source of power on the accuracy of
the proposed AA-based technique. In this case, the interval
considered is [495 605]MW, ie +10% variation, resulting
in an error of 3.97% when compared to MC simulations;
thus, as the size of the interval that models the uncertain
variables increases, the error increases as well, as expected.
Also notice that the AA based approach is slightly conservative
as compared to the MC simulations.

Figure 7 illustrates a case where the system becomes unstable
for the whole range of power variation of the intermittent
source, which in this case is assumed to be within the interval
given by [495 605]MW. Notice that the AA based approach
is also able to accurately represent unstable cases, with a
maximum error of 5% for the simulations considered.

1.3r
—AA Upper Bound
1.2 —— AA Lower Bound
T 1 Y W il MC Upper Bound
-~ MC Lower Bound
1,
T
© 0.9¢
1
E 0.8}
0.7¢
0.6;‘
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0.4o 10

Time (s)

Fig. 6. Generator-Infinite Bus Test System: 3-cycle fault and +10% variation
in generation
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Fig. 7. Generator-Infinite Bus Test System: 33-cycle fault and +10% variation
in generation

Finally, Fig. 8 illustrates the bounds obtained when stable and
unstable cases are contained within the assumed interval of
power variation of the intermittent source. Thus, observe that
the upper bound is unstable, while the lower bound is stable.
It is important to point out that in this case, the accuracy of
the method for simulation times beyond 0.8 s decreases, due
to the significant difference between the curve that bounds
unstable cases and the curve that bounds stable cases as time
progresses. Nevertheless, for the simulation time considered,
the proposed AA based approach is able to identify stable and
unstable bounds.

The proposed AA approach was computationally more ef-
ficient than MC simulations for all cases, yielding 95.65%
(0.798 s vs 18.36 s) savings in computational time for the
results depicted in Fig.8.

Conclusions

This paper presented new AA-based paradigms for voltage and
transient stability assessment of power systems, considering
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Fig. 8. Generator-Infinite Bus Test System: 30-cycle fault and +20% variation
in generation

uncertainties associated with power injections, which may be
attributed to the presence of intermittent sources of power in
the system. Both, the proposed AA-based voltage stability
method and the AA-based transient stability method were
shown to be reasonably accurate and computationally more
efficient than typical MC simulations. The accuracy of these
AA-based methods can be attributed to their intrinsic charac-
teristic of taking into account the correlations among variables,
which is not possible in other self-validated methods such as
Interval Arithmetic. The proposed AA-based methods may be
used by system operators to evaluate system operation and
decide the corrective measures in case of insecure operation
for systems with intermittent power sources and/or variable
loads.
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